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Abstract: A 3-D dc steady state eddy current 
analysis of a permanent magnet type of retarder 
which rotates at high speed is carried out using a 
moving coordinate system. The method of de steady 
state analysis using a moving coordinate system is 
described. The calculated braking torque is compared 
with measured one. 
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I. INTRODUCTION 
In heavy vehicles, auxiliary braking systems 
such as permanent magnet type of retarders, 
which produce a braking torque by fluxes and eddy 
currents, are used sometimes I l l .  In order to 
improve the performance of the retarder, the dc 
steady state flux and eddy current distributions 
should be analyzed taking into account the 
rotation with high speed. However, the results 
obtained are oscillating due to the high Peclet 
number 121 when the ordinary Galerkin FEM using 
a fixed coordinate system is used. On the other 
hand, it has been already shown that the above- 
mentioned problem can be avoided in the analysis 
using "upwind" technique [1,21 or a moving 
coordinate system 131. 
In this paper, the method of dc steady state 
eddy current analysis using a moving coordinate 
system, in which a complicated method for 
determining the parameter of "upwind" is not 
required, is described. The 3-D eddy current 
analysis of the permanent magnet type of retarder 
a t  high speed is carried out. The calculated 
braking torque of retarder is compared with 
measured one. 
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11. MODEL OF RETARDER 
Fig. 1 shows a model of permanent magnet type 
of retarder. Only 1/24 of the whole region is shown 
due to  symmetry. The outer rotor rotates with a 
constant speed from 1,000 to 5,000rpm. The outer 
rotor, pole piece and yoke are made of carbon steel 
(rotor and pole piece: SlOC, yoke: S15C) and the 
nonlinearity is taken into account. Fig. 2 shows the 
B-H curve. The permanent magnet (Sm2Co17) is 
assumed to be magnetized in parallel direction 
and the remanent flux density (magnetization) Br 
is 1T. In the dc steady state, eddy currents flow 
only in the outer rotor. The conductivity of outer 
rotor is 7x106S/m. 
" 
i mametization M 
thole for s c r e w a  
(i) x-y plane (z= 
I 
X 
40 46 53 58 
PE-1219-EC-0-2-1998 A paper recommended and approved by the 
IEEE Electric Machinery Committee of the IEEE Power Engineering 
Saciety far publication in the IEEE Transactions an Energy 
Conversion. Manuscript submitted August 27, 1997; made available for 
printing February 18, 1998. 
(ii) x-z plane (y=O) 
(a) retarder 
(b) magnet (c) pole piece 
Fig. 1. Permanent magnet type ofretarder (1124 region, unitmm). 
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Fig. 2. B-H curve (S15C). 
111. ANALYSIS 
A. Fundamental Equations 
In the moving conductor region of the retarder, 
eddy currents are induced. The fundamental 
equations of the A-$ method (A: magnetic vector 
potential, $: electric scalar potential) using a 
moving coordinate system [31 are given by 
rot(vrot.4) = -U -+grad$ e 1 
div -U -+grad$ = 0 i e 11 
where v and U are the reluctivity and the 
conductivity, respectively. In the permanent 
magnetic region (standstill) without eddy currents, 
the fundamental equation is given by 
rot(v,roM) = v,rotM (3) 
where M is the magnetization vector. vo is the 
reluctivity in vacuum. 
B. Discretization of Eddy Current Term 
The eddy current term J,(=-o (JA/&+grad$) in 
(1) and (2) can be discretized by the backward 
difference method. Then, Je (p2PAt a t  a point p2 at  
the instant t+At is represented as follows [31: 
where it is assumed that the point p1 is moved to  
the point p2 during the time interval At as shown 
in Fig. 3. The superscript (*) indicates the 
unknown variable. A(pl) is interpolated using the 
X 
V )  
Fig. 3. Moving conductor with constant velocity. 
potential a t  each node in an element e which 
contains the point p1 as follows: 
(5) 
where n(e) is the number of nodes in the element e ,  
Ni(e) is the interpolation function. 
In order to calculate the dc steady state using 
(4), the time iteration is required until the 
distribution of A does not change with time a s  
follows: 
The following equation is obtained by substituting 
(6 )  into (4): 
In the above equation, superscript t+At is omitted. 
If bothA(pl) and A(p2) are treated as the unknown 
variables, the dc steady state flux and eddy 
current distributions can be obtained without time 
iteration. In this case, the coefficient matrix 
becomes unsymmetric. The ILUBCGSTAB method 
[4] is used to solve the linear equations. In the 
case of standstill, the ICCG method is used, 
because the finite element matrix becomes 
symmetric. 
C. Boundary Condition and Mesh 
The analyzed region can be redused to l/Z of the 
whole region by the boundary condition A,=A,=O on 
the x-y plane (z=O). Moreover, in order to  reduce the 
analyzed region to 1/24 shown in Fig. 1, the 
periodic boundary condition [51 should be 
investigated. Fig. 4 shows the relationships of flux 
densities and eddy current densities on the 
boundary surfaces a-p and a-y. The directions of 
the z-component of flux densities B,p and B ,  on 
the surfaces a-p and a-y become opposite. As the 
relationship of the magnetic vector potentials A on 
surfaces a-p and a-y is same with that of flux 
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IV. RESULTS AND DISCUSSION 
A. Flux Density 
Fig. 6 shows the flux distributions. The flux 
distributions in the rotor change with the 
rotational speed. Stable flux distributions without 
spurious oscillations can be obtained even at  high 
Peclet number (nearly 80 at  5,000rpm). The flux 
flows near inner and outer surfaces. This is 
because the flux can also flow near the upper and 
outer surfaces of rotor by 3-D effect as shown in 
Fig. 7. 
Fig. 4. Relationship of flux densities and eddy current 
densities on boundary surfaces a-p and a-. 
densities, the following periodic boundary condition 
of A is applied: 
A,,-p = -A,a-ycos30" - Aya-ysin300 (8) 
Aya-p = A,,-ysin300- Aya..ycos300 (9) 
Am-p = -%a-y (10) 
where, for example, is the x-component of the 
magnetic vector potential A on the boundary 
surface a-P. As the directions of the eddy current 
densities Jea+ and Jea9 on the surfaces a-P and 
a-y become opposite each other as shown in Fig. 4, 
the following periodic boundary condition of @ is 
applied: 
=-@a-"/ (11) 
Fig. 5 shows the finite element subdivision 
using I-st order hexahedral nodal elements. In the 
analysis using the mesh, the maximum value of 
the Peclet number (Pe=puuL/2, v: velocity in the 
rotating direction, L :  length of element in the 
rotating direction) of the outer rotor is about 80. In 
this case, the relative permeability and the 
rotational speed are assumed to be 720 and 5,000 
rpm, respectively. The time interval A t  is 
chosen such that the rotor rotates a t  O.ldeg during 
the period of At. 
Fig. 6. Mesh without air region. 
(a) Orpm (standstill) 
7 rotational direction , , .  I ,  
(b) 1,000rpm 
7 rotational direction 
(c) 5,000rpm 





(a) upper and inner surfaces of rotor 
(a) upper and inner surfaces ofrotor 
rotational 
(b) upper and outer surfaces of rotor 
Fig. I. Pass of flux (5,000rpm). 
B. Eddy Current Density 
Fig. 8 shows the eddy current distributions. The 
eddy current flows in the direction to cancel the flux 
generated from the magnet. The large eddy 
currents flow in the inner part of rotor. 
C. Braking Torque 
The braking torque is calculated using the nodal 
force method 161. The distributions of the 
tangential component F,  of electromagnetic force 
are shown in Fig. 9. In the case of standstill, the 
braking torque which is the summation of the F,.r 
(r: radius) becomes zero. The large F ,  related to  
braking torque occurs in the inner part of rotor at 
high speed. 
D. Memory Requirements and CPU Time 
Table I shows the discretization data. The CPU 
time for the analysis at  high speeds are about 15 
times that at  standstill. The memory requirements 
a t  high speeds is increased to about 3 times that 
a t  standstill, because the matrix is unsymmetric 
and 9 is added as unknown variables. The CPU 
time is increased when the speed becomes high, 
because the number of iterations for ILUBCG 
method is increased due to  the ill-condition. 
(b) upper and outer surfaces of rotor 




Fig. 9. Tangential component of electromagnetic force. 
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Table I Discretization data and CPU time 
~ 
speed (rpm) 
number of elements 
I 1,000 I 3,0001 5,000 
(standstill) 
18,564 
number of nodes 
number of unknowns I 52,6141 58,806 
20,706 
number of non-zeros 12,020,743 I 8,153,600 
g g v r e q u i r e m e n t ~ ~  ; 1 ~ 1; I 
number of nonlinear 
iterations 
total CPU time (h) 1.0 13.0 14.8 16.1 
Convergence criterion for Newton-Raphson method : 0.01T 
Convergence criterion for ICCG method (standstill) : 10 -7 
Convergence criterion for ILUBCGSTAB method (rotation) : 
Computer used : IBM 3AT worketation (49.7 MFLOPS) 
V. EXPERIMENTS 
The radial component B,  of flux density in the 
air gap at  standstill is measured by using a Hall 
probe. The discrepancy of flux densities in the air 
gap between measurement and calculation is 
about 5% as shown in Fig. 10. In this comparison, 
the inner radius of the rotor is increased to 55mm 
in order to insert a Hall probe in the air gap. 
The braking torque is measured using the 
measurement system shown in Fig. 11. In this 
measurement, the stator (magnet part) is rotated 
by the motor. The torque meter is set between the 
motor and the stator. Fig. ll(b) shows the 
situation when that the rotor is elevated. Fig. 12 
shows the comparison between the calculated and 
measured braking torques. The calculated braking 
torque is fairly good agreement with measured one. 
calculation 
- 0.3 e. 
0 5 10 15 20 25 30 
Angle from x-axis (deg.) 
Fig. 10. Flux distribution in gap ( ~ 5 3 . 8 5 ,  z=O, standstill). 
computer 
(a) measurement system 
(b) stator and rotor 
Fig, 11. Measurement system for braking torque. 
4r 
I I I I I 
0 1000 2000 3000 4000 5000 
rotational speed (rpm) 
Fig, 12. Comparison of braking torque. 
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.VI. CONCLUSIONS 
The dc steady state eddy current analysis of a 
permanent magnet type of retarder is carried out 
using a moving coordinate system. The results 
obtained can be summarized as follows: 
(1) The method of dc steady state analysis using a 
moving coordinate system is described. 
Although the coefficient matrix is unsymmetric, 
the dc steady state flux and eddy current 
distributions are directly obtained without 
time iteration. 
(2) The stable flux distributions without spurious 
oscillations can be obtained by using a moving 
coordinate system at  high Peclet number. 
(3) The calculated braking torque is fairly good 
agreement with measured one. 
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